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Unconventional low-field magnetic response of a diffusive ring with spin-orbit coupling
Moumita Patra1 and Santanu K. Maiti1, ∗
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203 Barrackpore Trunk Road, Kolkata-700 108, India
We report an unconventional behavior of electron transport in the limit of zero magnetic flux
in a one-dimensional disordered ring, be it completely random or any correlated one, subjected to
Rashba spin-orbit (SO) coupling. It exhibits much higher circulating current compared to a fully
perfect ring for a wide range of SO coupling yielding larger electrical conductivity which is clearly
verified from our Drude weight analysis.
PACS numbers: 73.23.-b, 73.23.Ra, 73.21.Hb
I. INTRODUCTION
The phenomenon of non-decaying circular current, the
so-called persistent current, in an isolated mesoscopic
ring threaded by magnetic flux φ was first suggested
by Bu¨ttiker and his group1 during early 80’s. Follow-
ing this proposal a considerable amount of theoretical
work has been done2–13 towards this direction analyzing
the effects of different factors like electron-electron (e-e)
interaction, electron-phonon (e-ph) interaction, temper-
ature, randomness, long-range hopping, spin-orbit (SO)
couplings, etc. With these studies many significant fea-
tures have been explored those are consistent with ex-
FIG. 1: (Color online). Schematic view of a 1D ring carrying
a current I in presence of magnetic flux φ.
perimental observations14–19 upto a certain level. But
few debates still persist. For example, the appearance
of discrepancy between current amplitudes in disordered
rings obtained from experimental results and theoreti-
cal estimates. Measured currents are always higher than
theoretical predictions. Much efforts have been paid
to resolve this issue and with some recent theoretical
works possibilities of getting larger currents have been
suggested which in some cases are very close to the ex-
perimental observations. The essential factors those are
responsible to enhance current in disordered rings are
e-e interactions3 and SO coupling11. Two types of SO
couplings, namely Rashba20 and Dresselhaus21, are usu-
ally encountered in solid state materials, out of which
one (Rashba term) is controlled externally22, whereas the
other is material dependent. Both these two coupling
terms play identical role in enhancing current in a dis-
ordered ring as they are simply connected by a unitary
transformation11, and due to this reason, in our present
manuscript we consider only one of them.
It is well known that a disordered non-interacting (i.e.,
without any e-e interaction) ring and free from any kind
of SO coupling exhibits much smaller current6 compared
to a perfect ring. This is essentially due to electronic lo-
calization. But if we include SO interaction, a sufficient
enhancement of current takes place11 though it is always
much less compared to a perfect ring. Now all these
features have been studied for moderate magnetic fluxes
and, to the best of our knowledge, no one has investigated
the response in the limit φ → 0. From our critical and
deep analysis we find an unconventional electronic be-
havior of a disordered ring in the limit of zero magnetic
field subjected to SO coupling. Much higher current is
obtained in a disordered ring than a completely perfect
one for a wide range of SO interaction, in contrast to the
conventional literature knowledge. This enhancement is
also reflected in electrical conductivity which we show by
evaluating Drude weight.
The rest of our work is organized as follows. In Sec. II
we present the model and describe briefly the theoretical
prescription. The results are placed in Sec. III, and
finally, we summarize in Sec. IV.
II. MODEL AND THEORETICAL
FORMULATION
Figure 1 presents the schematic diagram of a one-
dimensional (1D) ring threaded by a magnetic flux φ
(measured in unit of φ0 = ch/e). The tight-binding (TB)
Hamiltonian of such a N -site ring, subjected to Rashba
SO coupling, reads as23
H =
∑
n
c
†
nǫncn +
∑
n
(
eiθc†n+1tcn + e
−iθ
c
†
nt
†
cn+1
)
−
∑
n
α
[
c
†
n+1 (iσx cosϕn,n+1 + iσy sinϕn,n+1)
eiθcn + h.c.
]
(1)
where α measures the strength of Rashba SO coupling
and ϕn,n+1 = (ϕn + ϕn+1) /2 with ϕn = 2π(n − 1)/N
(n is the site index). σx, σy and σz are conventional
2Pauli spin matrices. Considering c†nσ (σ =↑, ↓) and cnσ
as the creation and annihilation operators, respectively,
we construct cn and c
†
n and they look like
cn =
(
cn↑
cn↓
)
and c†n =
(
c†n↑ c
†
n↓
)
. t and ǫn are both
(2×2) diagonal matrices where t11 = t22 = t (t being the
nearest-neighbor hopping element and during each hop-
ping a phase factor θ (= 2πφ/Nφ0) is introduced), and
ǫn↑ and ǫn↓ are two diagonal elements of ǫn, where ǫnσ
corresponds to the on-site energy. For a perfect ring ǫnσ’s
are constant and we set them to zero without loss of any
generality. On the other hand, for a random disordered
ring ǫnσ’s (ǫn↑ = ǫn↓) are chosen randomly from a ‘Box’
distribution function of widthW within the range −W/2
to W/2. As numerical results strongly depend on disor-
dered configurations, we take the average over a large
number of such distinct configurations.
To analyze the unconventional behavior of electron
transport we need to calculate current corresponding to
each eigenstates along with net current for a particular
electron filling. The current carried by m-th eigenstate
is obtained from the following relation23
Im =
2πtie
Nh
∑
n
(
am∗n,↑a
m
n+1,↑e
−iθ + am∗n,↓a
m
n+1,↓e
−iθ + h.c.
)
−2παe
Nh
∑
n
(
e−iφn,n+1am∗n,↑a
m
n+1,↓e
−iθ
+ eiφn,n+1am∗n,↓a
m
n+1,↑e
−iθ + h.c.
)
. (2)
Therefore, at absolute zero temperature net current car-
ried by a ring containing Ne electrons becomes I =∑Ne
m=1 Im.
Finally, the electrical conductivity is determined by
calculating Drude weight D from the relation24
D =
N
4π2
(
∂2E0(φ)
∂φ2
)∣∣∣∣
φ→0
(3)
where E0(φ) is the ground state energy. This parame-
ter allows us to predict the conducting (D = finite) or
insulating (D → 0) phase of any system.
Our main concern of this work is to study the interplay
between α, φ andW qualitatively, not quantitatively con-
sidering any specific material, and therefore, throughout
the numerical calculations we fix the nearest-neighbor
hopping integral t at 1 eV and measure all other energies
with respect to it. The current and Drude weight are cal-
culated in units of et/h and e2t/h2, respectively, where e
and h are the fundamental constants.
III. RESULTS AND DISCUSSION
Let us start with Fig. 2 where the variation of cur-
rent I as a function of α is shown for a 80-site half-filled
(Ne = 80) ring. Three different cases, depending on
φ, are taken into account and in each case we present
the results of both ordered and random disordered rings.
For a sufficiently low value of φ (viz, φ = 0.001) cur-
rent in the ordered ring increases monotonically, without
showing any oscillation, with α. While, anomalous os-
cillations with increasing peak heights are observed in
the disordered ring (see Fig. 2(a)). Most notably we see
that for a wide α-window current in the disordered ring
becomes much higher compared to the perfect one, and
HaL
Φ=0.001
0 1 2
-16
16
48
Α
I´
10
-
4
HbL
Φ=0.01
0 1 2
-16
15
46
Α
I´
10
-
3
HcL
Φ=0.1
0 1 2
-17
19
55
Α
I´
10
-
2
FIG. 2: (Color online). Dependence of current I on α at three
typical fluxes for a 80-site ring considering Ne = 80. The red
and black curves correspond to the perfect and random dis-
ordered (W = 0.5) rings, respectively. The dashed horizontal
line represents the line of zero current.
the height of individual peak and its width get enhanced
with increasing α. Exactly identical scenario, apart from
greater current amplitude, also persists when the flux φ
moves to 0.01 (see Fig. 2(b)). This unconventional be-
havior i.e., appearance of much higher current in a disor-
dered ring than a perfect one for several α-windows dis-
appears with increasing φ which is presented in Fig. 2(c).
Here, the current in the ordered ring is always higher for
any α-window than the disordered case and this conven-
tional behavior remains unchanged for any other higher
values of flux φ. Additionally, we get oscillating na-
ture of current in ordered case (not appeared in lower
fluxes), where sharp jumps between positive and neg-
ative currents are observed, unlike the disordered ring
which always exhibits a smooth variation over α (black
3line). This oscillating nature can be implemented by an-
alyzing the variation of ∆E0 as a function of α, where
∆E0 = E0(φtyp+∆φ)−E0(φtyp) with ∆φ→ 0+ (here we
choose ∆φ = 0.125/16). For this case φtyp = 0.1. Using
this ∆E0, persistent current can be calculated through
the relation −∆E0/∆φ at φ = φtyp which is the con-
ventional prescription6 of determining persistent current
for a particular filling. Now from the variation of ∆E0
as a function of α (presented in Fig. 3) we see that its
sign alternates between positive and negative over a finite
α-window. Certainly, the factor (∆E0/∆φ) gives oscil-
lating nature with sign reversal (red line of Fig. 2(c)) as
a function of α as ∆φ is always positive. In addition it is
important to note that the widths of the positive currents
are much smaller that the negative currents (though the
scenario could be opposite i.e., lesser widths of negative
currents than the positive ones for other fluxes). This
is solely associated with the variation of ∆E0-α char-
acteristics. The window widths gradually decrease with
lowering magnetic flux and eventually disappear for a suf-
ficiently low values of φ which results a continuous-like
variation without providing any sharp jump (red lines
of Figs. 2(a) and (b)). On the other hand, disorderness
makes a smooth variation of ∆E0 with respect to α (black
curve of Fig. 3) yielding a continuous-like pattern (with-
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FIG. 3: (Color online). Variation of ∆E0 as a function of α
at φtyp = 0.1 for a 80-site ring with Ne = 80. The red and
black curves correspond to the perfect and random disordered
(W = 0.5) rings, respectively. Here we set ∆φ = 0.125/16.
out any sharp jump) of I-α characteristics (black lines of
Fig. 2).
Regarding the oscillation in Fig. 2 it is important to
note that for all the three different fluxes current ex-
hibits almost identical (though not exactly same) oscil-
lating feature with α. This oscillation solely depends on
the variation of ∆E0 with respect to α. For a particular
ring size and fixed electron filling, the ∆E0-α character-
istics become almost similar for all fluxes, since for any
non-zero φ degeneracies are broken for a Rashba ring.
The oscillatory pattern (i.e., separation between succes-
sive peaks) could be different for different filling factor
associated with system size N . But, for a fixed N and
Ne it is very hard to distinguish the separations between
the peaks for different fluxes, though they are actually
different which we confirm through our numerical calcu-
lations. In short, there is no proper periodicity of oscilla-
tion with α. It depends on systems size N , filling factor
Ne, etc., and further detailed studies should be required
to find if there is any specific periodicity.
In order to explain the atypical behavior obtained in
the limit φ → 0 (i.e., higher current in disordered ring
compared to the perfect one) let us focus on the spec-
tra given in Fig. 4 where the results are computed for
Α>0.89
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FIG. 4: (Color online). (a) Net current I for a specific α-
window considering a 30-site ring with Ne = 24, where the
black and orange curves correspond to ordered (W = 0) and
random disordered (W = 0.25) rings, respectively. (b) Cur-
rent Im (vertical lines correspond to current amplitudes) car-
ried bym-th eigenstate having eigenenergy Em for the ordered
30-site ring. (d) Same as (b) for the disordered (W = 0.25)
ring. All these results are worked out for φ = 0.001, and the
Im-Em spectra are drawn for the critical α (= 0.89) where
I has a peak. The spectra (c) and (e) represent the zoomed
version of the dashed framed regions of (b) and (d), respec-
tively, containing the state currents of energy levels whose en-
ergies are close to Fermi energy EF associated with Ne = 24.
The dashed vertical line is passing through the gap between
the highest occupied energy level and the lowest unoccupied
one. Below this dashed vertical line all states (i.e., 24 states
in each of the spectra (b) and (d)) are occupied which con-
tribute to the net current, while the states above this line are
empty. The current distributions of energy levels very close
to Fermi energy, those essentially contribute to net current,
can be clearly seen from the spectra (c) and (e). The con-
tributions of all other occupied states having lower energies
mutually cancel with each other.
a 30-site ring considering φ = 0.001. In Fig. 4(a) the
net currents for ordered (black line) and disordered (or-
ange line) rings are superimposed for a specific α-window.
Now choose any α, say α = 0.89, where the net current
in disordered ring is higher than the ordered one and
try to analyze the individual state currents for these two
rings at this typical α those are presented in Figs. 4(b)
and (d). In absence of impurities successive energy levels
having a tiny difference in energy eigenvalues (as φ→ 0,
which is responsible to break the degeneracy between ±k
4states) carry almost equal currents and in opposite di-
rections (see Fig. 4(b), where vertical lines correspond
to the current amplitudes). On the other hand, when we
add impurities currents carried by different states become
more asymmetric with respect to each other, as clearly
seen from Fig. 4(d). Though all the energy levels upto
Fermi energy EF associated with electron filling Ne = 24
contribute to current, but the net contribution essentially
comes from the energy levels having energies very close to
EF as the contributions from all other energy levels mu-
Α>0.89
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FIG. 5: (Color online). Same as Fig. 4 with φ = 0.1 (moderate
flux). Identical features are also observed for any other higher
value of φ.
tually cancel with each other. For better viewing of the
current distributions of energy levels close to Fermi en-
ergy, in Figs. 4(c) and (e) we present the zoomed version
of the framed regions of Figs. 4(b) and (d), respectively,
where the dashed vertical line separates the occupied
states from the unoccupied ones. Comparing the spectra
given in Figs. 4(c) and (e) we can easily understand why
net current in the disordered ring is higher than the per-
fect one though individual state currents are much less for
the previous ring. The asymmetric nature of current in
the limit φ → 0 remains unchanged, yielding unconven-
tional large current, for any kind of disordered ring (be
it random or correlated) which we confirm through our
detailed numerical calculations. This phenomenon can
be argued physically as follows. There are three factors
(SO coupling, magnetic flux and disorderness) which are
responsible to control the current. In presence of φ and
α, the current carried by individual states increases grad-
ually in the case of a pure ring as we move towards the
energy band centre. This is a well know phenomenon.
While for the disordered ring the gradual increment of
current cannot be observed as mixture of high conduct-
ing and low conducting states are there, which is even
more transparent when φ is too small as it introduces
very less current in each state. Thus, much less conduct-
ing states exhibit vanishingly small currents compared to
the other comparatively higher conducting states, which
makes the Im-Em spectrum asymmetric. This atypical
nature is valid for some specific α-windows, whereas for
other α-regions we get the conventional results associated
with the interplay between α, φ and W .
From the above analysis atypical response of current in
the low-field limit (φ → 0) is well understood. Now the
question naturally comes why this behavior gets changed
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FIG. 6: (Color online). Envelope of the currents carried by in-
dividual energy levels for a 30-site ring at some typical fluxes
where the 1st and 2nd columns correspond to the ordered
(W = 0) and random disordered (W = 0.25) rings, respec-
tively. All positive currents carried by different states are
connected by a line to get one envelope along the positive
side, and similar prescription is given to get another envelope
along the negative side of individual spectrum.
with increasing φ, providing higher current in a perfect
ring compared to the disordered one for any α. This can
be explained quite easily by studying currents carried
by distinct energy levels for both ordered and disordered
cases. The results are shown in Fig. 5. For moderate
φ (φ ≃ 0.1 or any higher value) all states carry much
higher current compared to φ→ 0 both for ordered and
disordered cases (Figs. 5(b) and (d), respectively). The
state currents for the perfect ring as usual symmetric
with respect to each other, but due to enhancement of
currents as a result of φ disordered ring also exhibits quite
symmetric patterns in the Im-Em spectrum (Fig. 5(d)).
Here it is interesting to note that pairwise successive en-
ergy levels carry currents in opposite directions which is
5more transparent from the zoomed version of the framed
regions as placed in Figs. 5(c) and (e), unlike the case
of low-flux limit where successive energy levels carry cur-
rents in opposite directions (Figs. 4(c) and (e)). There-
fore, for a particular filling, a disordered ring exhibits
smaller current than an ordered one, since for the later
case individual state currents are always higher.
From the spectra Figs. 4 and 5 we can understand that
a transition of Im-Em spectrum from asymmetric to sym-
metric nature takes place with the increment of magnetic
flux φ. In order to visualize this transition with finer res-
olution in Fig. 6 we present the envelop of the currents
carried by individual energy levels at some typical fluxes
ranging from extremely low to a moderate one where the
first and second columns correspond to the perfect and
disordered rings, respectively. It is observed that in the
limit of zero magnetic flux positive and negative envelops
are highly asymmetric for the disordered ring and this
asymmetric nature gradually decreases with increasing
φ. Eventually the asymmetry almost disappears for the
moderate magnetic flux. On the other hand, perfect ring
always exhibits symmetric envelops as expected. From
these results it can be emphasized that the interplay be-
tween α, φ andW is really very interesting and important
too which has not been critically discussed before, to the
best of our concern.
Finally, to substantiate more precisely the anomalous
low-field response, in Fig. 7 we present the variation of
electrical conductivity (viz, Drude weight D) as a func-
tion of α both for ordered and disordered cases. Three
different types of disordered rings, random, Fibonacci
and Thue-Morse (TM) are taken into account in order
to establish the invariant nature of atypical response on
disorderness in the limit φ → 0. The results are pre-
sented in Figs. 7(a), (b) and (c), respectively, and in each
case D-α spectrum of ordered ring (green curve) is su-
perimposed. Both these two correlated disordered rings
(Fibonacci and Thue-Morse) are constructed using two
primary lattices, (say) A and B, following proper infla-
tion rules. For the Fibonacci sequence25 it is A → AB
and B → A, while for the other (TM) case26 it becomes
A→ AB and B → BA. Depending on A-type or B-type
atomic site ǫnσ can be simply written as ǫA or ǫB, as
sites are non-magnetic. From the spectra (Fig. 7) it is
observed that Drude weight exhibits pronounced oscilla-
tion in presence of disorder, similar to current oscillation
in the limit φ → 0 (black lines of Figs. 2(a) and (b)),
and this pattern does not change with disorderness i.e.,
whether it is correlated or random. On the other hand,
for the ordered case a continuous variation with increas-
ing magnitude of conductivity is obtained, obeying the
earlier current analysis (red lines of Figs. 2(a) and (b)).
Interestingly we see that for wide ranges of α electri-
cal conductivity in disordered ring becomes much higher
compared to the perfect one, and this strange behavior
is fully consistent with our previous current analysis for
φ→ 0.
At the end, it is important to note that a disordered
ring can provide metal-to-insulator transition at multiple
values of α which is clearly visible from the oscillating
nature of D-α curve (red line of Fig. 7). Thus the present
system can be utilized as a controlled switching device,
since we can tune α externally, and certainly it gives a
high impact in the present era of nanotechnology.
The results studied here have been worked out for a
Rashba ring. All these features remain exactly invariant
if one takes a Dresselhaus ring instead of the Rashba one.
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FIG. 7: (Color online). D-α characteristics (red line) of three
different types of disordered rings. (a) Random disordered
(W = 0.5) ring with N = 55, Ne = 54; (b) 9th generation
(N = 55) Fibonacci ring (ǫA = −ǫB = 0.5) with Ne = 54 and
(c) 7th generation (N = 64) TM ring (ǫA = −ǫB = 0.25) with
Ne = 64. In each case D-α curve (green line) for ordered ring
(W = 0 or ǫA = ǫB = 0) is superimposed.
In presence of Dresselhaus SO coupling the Hamiltonian
of the ring looks like,
H =
∑
n
c
†
nǫncn +
∑
n
(
eiθc†n+1tcn + e
−iθ
c
†
nt
†
cn+1
)
+
∑
n
β
[
c
†
n+1 (iσy cosϕn,n+1 + iσx sinϕn,n+1)
eiθcn + h.c.
]
(4)
where β measures the strength of Dresselhaus SO cou-
pling. Inspecting the Hamiltonians for Rashba and Dres-
selhaus rings (Eq. 1 and Eq. 4) it is seen that these
two Hamiltonians are connected via a unitary trans-
formation U †HU = H, where U = (σx + σy)/
√
2 is
the unitary matrix. Therefore, any eigenstate |ψm〉 of
the Rashba ring can be written in terms of the eigen-
state |ψ′m〉 of the Dresselhaus one where |ψm〉 = U |ψ′m〉.
6This immediately gives the current for the Dresselhaus
ring: Im(for H) = 〈ψ′m|I|ψ′m〉 = 〈ψm|U †IU |ψm〉 =
〈ψm|I|ψm〉 = Im(for H). Therefore, the nature of the
current carrying states for the Rashba ring becomes ex-
actly identical to that of the Dresselhaus ring, and similar
argument is also true for other measurable quantities.
Though our analysis is purely theoretical, but all these
features can be verified experimentally since fabrication
of small quantum ring with few electrons (even less than
ten electrons27) is possible with recent technological ad-
vancements, and, the magnetic field required to produce
such low fluxes (i.e, ∼ 0.001φ0) is also within the ex-
perimental range. It is around 0.52Tesla for a 100-site
normal metal ring with lattice spacing a = 1A0, which
can definitely be achieved in realistic situation.
IV. CLOSING REMARKS
In the present work we have investigated an unconven-
tional behavior of electron transport in a 1D disordered
mesoscopic ring subjected to Rashba SO coupling. It
provides a sufficiently large current compared to a fully
perfect ring in the limit φ→ 0 which has been analyzed
by calculating individual state currents through second-
quantized approach. The atypical response has been fur-
ther confirmed by studying Drude weight D. Like cur-
rent, it also exhibits strange oscillations and for wide
regions of α electrical conductivity in a disordered ring
becomes much higher than a perfect ring. Most notably
we have seen that this atypical behavior is independent
of the disorderness which we have verified by considering
three different types of disordered rings. Finally, a possi-
bility of getting metal-to-insulator transition at multiple
values of α has been discussed that can be utilized for
selective switching action.
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